Abstract. We show the inverse deformation problem has an affirmative answer: given a complete local noetherian ring A with finite residue field k k k, we show that there is a topologically finitely generated profinite group Γ and an absolutely irreducible continuous representation ρ : Γ → GLn(k k k) such that A is the universal deformation ring for Γ, ρ.
Introduction
The purpose of this paper is to answer in the affirmative the inverse deformation problem: Can a given complete noetherian local ring with finite residue field be realised as the universal deformation ring of some residual representation? The problem originated from a question of Flach in [6] ; the above formulation is due to by Bleher, Chinburg and De Smit in [4] .
To begin with we provide a brief, utilitarian introduction to deformation theory following Mazur (see [9] , [10] for details), and in the process we fix notations and conventions which will be in place throughout this article.
In this paper k k k is a finite field of characteristic p and W := W (k k k) is its Witt ring. We will call a complete noetherian local W -algebra with residue field k k k a cnl(k k k)-ring; the morphisms between cnl(k k k)-rings are local homomorphisms of Walgebras and shall henceforth be referred to as cnl(k k k)-ring homomorphisms. If A is a cnl(k k k)-ring then we write m A for its maximal ideal, ι A : W → A for the W -algebra structure and set W A := ι A (W ).
Let Γ be a topologically finitely generated profinite group and let ρ : Γ → GL n (k k k) be a continuous absolutely irreducible representation which shall be called the residual representation. Then Proposition 1 from Section 1.2 of [9] asserts the existence of a universal deformation for ρ. By this we mean that there exists a unique cnl(k k k)-ring R and a continuous representation ρ R : Γ → GL n (R) lifting ρ (that is, ρ = ρ R mod m R ) with the following universal property: if A is a cnl(k k k)-ring and ρ A : Γ → GL n (A) is a continuous representation lifting ρ, then there is a unique morphism of cnl(k k k)-rings π : R → A such that π • ρ R is strictly equivalent to ρ A .
The main result of this paper is the following theorem which gives a complete answer to the inverse deformation problem.
Main Theorem. Let k k k be a finite field of characteristic p. Then every cnl(k k k)-ring is a universal deformation ring.
More precisely, let A be a cnl(k k k)-ring and let Γ := SL n (A) where n ≥ 3. If k k k = F 2 , then in addition assume that n ≥ 5. Let ρ : Γ → GL n (k k k) be the reduction modulo maximal ideal of the standard representation ρ A : Γ → SL n (A). Then A, together with ρ A , is the universal deformation ring for Γ and ρ.
The outline of the rest of the paper is as follows. In Section 2 we present preparatory material concerning the structure SL n which will be essential to the proof of the main theorem. The central result is Proposition 2.1 which will allow us to describe the universal deformation in detail. The rest of the section gives results which are either well known or elementary. In Section 3 we provide the proof of the main theorem, formulated as a series of steps, utilising the structural results of the previous section; finally, we prove Proposition 2.1 in Section 4 following a simplified form of the argument used in [8] .
We will now give a brief overview of the developments concerning the inverse deformation problem. However, for a more detailed account see [5] . As mentioned earlier, the inverse deformation problem originated from a question by Flach in [6] which asked if it is possible for a universal deformation ring to not be a complete intersection ring. The motivation behind this question was that up to that point, although there had been many explicit calculations of deformation rings none were not complete intersection rings. The first example of a universal deformation ring which was not a complete intersection was W [[t]]/(t 2 , 2t) given in [2] (also see [3] ). This example was greatly generalised to provide a positive answer for all rings of the form We shall now describe certain aspects of the structure of special linear groups over cnl(k k k)-rings; these structural properties are ingredients in the proof of the main theorem. The central result is Proposition 2.1 below which allows us to assume, in the set-up described in the theorem, that the image of the universal deformation contains SL n (W R ); this will be used in Section 3 to specify the images of elements of Γ under the universal deformation.
When k k k is not equal to either F 2 or F 3 or when k k k = F 4 and n = 3 this proposition is covered by the main theorem of [8] . The argument in loc. cit. required certain cohomological properties of SL n (k k k) which followed from works of Cline, Parshall and Scott in [7] , and Quillen in [12] . In this paper we shall indicate how the same argument may be recovered in the excluded cases by using results of Sah [15] , [16] . In order not to disrupt the flow of proving the main theorem we will defer the proof of Proposition 2.1 until Section 4.
We shall now record some standard properties of SL n and of elementary matrices (see [14] or [17] , for instance). For the remainder of this section, n ≥ 3 is a fixed integer. All matrices are n by n matrices unless specified otherwise.
Let A be a ring. If 1 ≤ i, j ≤ n with i = j and x ∈ A, then E ij (x) denotes the elementary n by n matrix which has 1s along the diagonal, x at the (i, j)-th entry and 0s elsewhere. In the next well known result, formulated as a proposition for convenience, we recall that the elementary matrices satisfy the Steinberg relations and state an important result about the structure of SL n (A). Proposition 2.2. Let A be a ring. Then the elementary matrices generate a subgroup of SL n (A) and satisfy the following Steinberg relations.
(
if A is a local ring then the elementary matrices E ij (x) with x ∈ A generate the whole of SL n (A) and hence SL n (A) is a perfect group.
The second part of the propostion is essentially covered by the discussion following Example 1.6 in [17] . The argument there shows that SL n (A) is generated by elementary matrices if n ≥ 2. Perfectness for n ≥ 3 is well known and follows from standard identities for elementary matrices. The proposition has the following corollary which is useful in determining the image of a deformation.
Proof. By Proposition 2.2 the image of ρ is generated by the images of elementary matrices. Given an elementary matrix E ij (x) in SL n (A), pick an integer k between 1 and n distinct from i, j. The relation [E ik (x), E kj (1)] = E ij (x) then implies that the determinant of ρ(E ij (x)) must be 1.
We will need to conjugate the elementary matrix E 1n (x) to another elementary matrix E ij (x), and we want to be able to affect the conjugation independently of the ring A in some sense using signed permutation matrices. For 1 ≤ r = s ≤ n, set
• (rs) ∈ GL n (Z) to be the permutation matrix which differs from the identity only in that its r-th and s-th rows have been transposed, • D r to be the diagonal matrix that differs from the identity only in its (r, r)-th entry which is −1. Note that (rs) and D r have determinant −1. We now define certain signed permutation matrices in SL n (Z) as follows: Given 1 ≤ i, j ≤ n with i = j, define T ij ∈ SL n (Z) by (2.1)
if i = 1 and j = n, (1i)(nj) if i = 1 and j = n and (i, j) = (n, 1) If X ∈ GL n (Z) then its image in GL n (A) under the unique ring homomorphism Z → A will also be denoted by X. We then have the following proposition.
Proposition 2.4. Let A be a ring.
We give a brief sketch of the proof. That λE 1n (x) commutes with E ij (1), 1 ≤ i < j ≤ n is clear from the Steinberg relations (Proposition 2.2(c)). For the other direction, if we let e st denote the matrix unit which has a 1 in the (s, t)-th entry and zeros elsewhere, then the relation E ij (1)X = XE ij (1) implies n m=1
x jm e im = n m=1
x mi e mj and desired conclusion follows. The second part is a straightforward calculation which we skip.
Proof of the main theorem
We recall from the statement of the main theorem that (A, m A ) is a fixed cnl(k k k)-ring and Γ := SL n (A) where n ≥ 3 except in the case when k k k = F 2 where we exclude n = 4. We write ρ A : Γ → SL n (A) for the standard representation of Γ. The residual representation is then taken to be
Note that ρ is clearly surjective.
We will show that A together with ρ A is the universal deformation ring for ρ. For clarity the argument is split into four small steps.
Step 1. We begin by observing some characteristics of the universal deformation. Let (R, m R ) together with ρ R : Γ → GL n (R) be the universal deformation ring for ρ : Γ → SL n (k k k). Note that ρ R takes values in SL n (R) by Corollary 2.3, and that ρ R (Γ) mod m R = SL n (k k k). Therefore, we may invoke Proposition 2.1 and upon replacement of ρ R with a strictly equivalent representation we may assume that ρ R (Γ) contains a copy of SL n (W R ).
Step 2. We now note that the unique cnl(k k k)-ring homomorphism π : R → A which is associated with ρ A by the universal property of R, i.e. so that π • ρ R is strictly equivalent to ρ A , is compatible with W -algebra structure morphisms ι A and ι R . Schematically, the diagram (3.1)
Let's make the following observations.
Proof. Part (i) follows from the observations that π • ρ R is strictly equivalent to ρ A , and that ρ A is an isomorphism. Part (ii) is then immediate. For part (iii), the discussion in step (1) allows us to pick a γ in Γ with ρ R (γ) = E 12 (1). Now ρ A (γ) and E 12 (π(1)) have the same order (as they are conjugates), and we may conclude that the restriction π| WR : W R → W A must be an isomorphism.
The above assertion allows us to identify W R and W A . Henceforth, we will not differentiate between ι R (x) and ι A (x) for x ∈ W .
Step 3. We will now use what we have shown so far to show that with regard to the group isomorphism π : ρ R (Γ) → SL n (A) the inverse image of an elementary matrix in SL n (A) is an elementary matrix in SL n (R). This allows us to construct a cnl(k k k)-ring homomorphism A → R which is a section for π : R → A.
We first observe the following lemma.
Lemma 3.2. If x ∈ A then there exist a unique λ x in R × and a unique s(x) in R such that the following holds:
Proof. Uniqueness is immediate from Proposition 3.1(i). For existence, let X ∈ ρ R (Γ) satisfy π(X) = E 1n (x). Now E 1n (x) commutes with the elementary matrices E ij (1) where 1 ≤ i < j ≤ n. Then by Proposition 3.1 and our identification of W R with W A , the elementary matrices E ij (1) with 1 ≤ i < j ≤ n are in ρ R (Γ) and commute with X. Hence by Proposition 2.4 we must have X = λ x E 1n (s(x)) for some s(x) in R and λ x in R × .
Now let x ∈ A and let s(x), λ x in R be as in Lemma 3.2. From the preceding two steps, the signed permutation matrices T ij s, as defined by the relations (2.1), are matrices in ρ R (Γ). Since λ x E ij (s(x))) = T ij λ x E 1n (s(x))T −1 ij by Proposition 2.4, we see that λ x E ij (s(x)) is in ρ R (Γ) and is the unique pre-image of E ij (x) for any 1 ≤ i = j ≤ n. Note that if x ∈ W A then λ x = 1 and s(x) = x (as we are identifying W A and W R ).
We will now show that λ x is in fact 1. Let i, j, k be three distinct integers in {1, 2, . . . , n}. By considering their inverse images in ρ R (Γ), the relation
and hence λ x = 1. We can now define the desired section to π : R → A.
Proposition 3.3. The function s : A → R characterised by the following property is well defined: If x ∈ A then s(x) is the unique element in R such that π(s(x)) = x and the elementary matrix E ij (s(x)) is a matrix in ρ R (Γ) for all 1 ≤ i = j ≤ n. Moreover, the map s : A → R is in fact a cnl(k k k)-ring homomorphism.
Proof. We have already covered the characterising property defining s : A → R in Lemma 3.2 and the discussion following it.
We shall now show that the map s : A → R is a cnl(k k k)-ring homomorphism. It follows immediately from the construction and Proposition 2.2(a) that s(x + y) = s(x) + s(y) for all x, y ∈ A, that s| WA is the inverse to π| WR , and that π • s is the identity on A. If 1 ≤ i, j, k ≤ n are three distinct integers, then the commutation relation [E ij (s(x)), E jk (s(y))] = E ik (s(x)s(y)) shows that s(xy) = s(x)s(y). Thus s : A → R is a ring homomorphism. By construction s(m A ) ⊆ m R and s induces the identity on A/m A = R/m R = k k k.
Step 4. To complete the proof of the theorem, we have to verify that ρ A : Γ → SL n (A) is the universal deformation. Since the elementary matrices E ij (x) generate SL n (A) by Proposition 2.2, we deduce that the elementary matrices E ij (s(x)) generate ρ R (Γ). As π • s is the identity on A, we can now conclude that s • π • ρ R = ρ R . By universality, the homomorphism s • π : R → R must be the identity on R. Thus π : R → A is an isomorphism with inverse s : A → R and π • ρ R , resp. s • ρ A , is strictly equivalent to ρ A , resp. ρ R . The theorem follows.
Proof of Proposition 2.1
As discussed in Section 2 the key result, Proposition 2.1, follows from the main theorem of [8] if k k k has cardinality at least 5, or k k k = F 4 and n ≥ 4. Therefore, we will now investigate the other cases. To this end, we assume the following setup.
Setup 4.1. Throughout this section:
• The finite field k k k is either F 2 or F 3 or F 4 , and p denotes its characteristic. We set
• n is a fixed integer subject to the following condition: if k k k = F 2 then n ≥ 5, if k k k = F 3 then n ≥ 3, and if k k k = F 4 then n = 3.
• M, resp. M 0 , denotes the space of n by n matrices over k k k, resp. the space of n by n matrices over k k k with trace 0. When p|n, we set S := k k kI and
We remark that if (A, m A ) is a cnl(k k k)-ring then GL n (A) acts on M and M 0 by conjugation. We make free use of standard results on group extensions and cohomology (see [1] , [11] ); section 2 of [8] covers what will be needed.
The following proposition gathers the various properties of SL n (W m ) that will be needed in the proof of Proposition 2.1.
Proposition 4.2.
With the above set up, we have:
(v) Suppose now p|n. Then (a) If Z m denotes the subgroup of scalar matrices in Γ m , then the extension
does not split.
Proof. Part (i): See Lemma 3.3 of [8] .
Part (ii): When m ≥ 2, the non-splitting is covered by the argument in Proposition 3.7 of [8] . (See the paragraph around the displayed relation (3.5) there, loc. cit.) The case when k k k = F 2 or F 3 , and m = 1 is Theorem II.7 of [15] .
Suppose now k k k = F 4 and m = 1. If Γ denotes the kernel of the reduction map
does not split by Proposition 0.3 of [16] . Let G be the subgroup of GL 3 (W/p 2 ) consisting of matrices with determinant 1 modulo p. The injectivity of the restriction map
Part (iii): See Proposition III.7 of [15] for the first part. Now
by part (i) above. Inflation-restriction then implies that
sends −φ to the class of the extension
has dimension 1 as a k k k-vector space by part (i), and δ(−φ) = 0 as the above extension is non-split by part (ii), the transgression map δ is injective and the claim follows.
The group
is covered by [7] . For the case when
Part (v):
We give a brief sketch; see Section 3.3 of [8] for details. Sub-parts (a) and (b) are equivalent (for a fixed m) by an argument similar to part (iv) and using
The splitting of the extension (4.1) when m ≥ 2 is then covered by Lemma 3.9 of [8] .
For m = 1 consider
where the vertical maps come from 0 → S → M 0 → V → 0. The left hand arrow is an isomorphism by part (i), the right hand arrow is an isomorphism by part (iii), and the top arrow is an isomorphism by part (iv). Hence the bottom arrow is also an injection and therefore the inflation map
Now for (c). Note that (b) together part (ii) gives
and (b) above, now implies that
is an injection.
We recall that for an artinian cnl(k k k)-ring the annihilator of its maximal ideal is non-trivial. As a cnl(k k k)-ring is the inductive limit of its artinian quotients Proposition 2.1 follows from the following special case. Proposition 4.3. We continue with the set up of (4.1). Let (A, m A ) be an artinian cnl(k k k)-ring and let G be a subgroup of SL n (A). Assume that G mod t = SL n (W A/(t) ) where t ∈ A is non-zero and satisfies tm A = 0. Then there is an X ∈ SL n (A) with X ≡ I (mod t) such that SL n (W A ) ⊆ XGX −1 .
Proof. We set B := A/(t) and π : A → B to be reduction modulo t. Then we have an exact sequence
where the map ε : M 0 → SL n (A) is constructed as follows: Lift x ∈ M 0 to an n by n matrixx over A and take ε(x) := I + tx. Denote by G the pre-image of SL n (W B ) in SL n (A). Thus
is exact and G, SL n (W A ) are subgroups of G. There are then the following three possibilities to consider:
• G = G, in which chase there is nothing to prove;
is an isomorphism. Then the sequence (4.3) splits. Consequently π : SL n (W A ) → SL n (W B ) must also be an isomorphism and G is a twist of SL n (W A ) by an element of H 1 (SL n (W B ), M 0 ). If p and n are coprime then H 1 (SL n (W B ), M 0 ) = (0) and we can find X ∈ SL n (A) with π(X) = I such that XGX −1 = SL n (W A ). When p divides n we use H 1 (SL n (W B ), M) = (0) to find X ∈ GL n (A) with π(X) = I such that XGX −1 = SL n (W A ).
We now consider the case when [8] remain valid even when k k k and n satisfy the assumptions of (4.1). In these cases, the desired conclusions all follow from the results of Sah ([15] , [16] ) covered in Proposition 4.2, either directly or with a small line of argument. We leave the precise verification to the interested reader, and state the following extension of the main theorem of [8] . • n ≥ 2 and the pair (n, |k k k|) is not one of the following: (2, 2), (2, 3), (2, 5) , (3, 2) , or (4, 2);
Then G contains a conjugate of SL n (W A ).
The restrictions on (n, |k k k|) are necessary. It is known (see [18] ) that SL 4 (F 2 ) has a double cover inside GL 4 (Z/4Z), and from the orders of the groups we see that this double cover cannot contain a conjugate of SL 4 (Z/4Z). The case when (3, F 2 ) must be an exception because extension I → Γ 1 → SL 3 (Z/4Z) → SL 3 (F 2 ) → I splits; the other exceptions when n = 2 are covered in [8] .
